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On the Visibility of the +Achirality of Alternating Knots
Nicola ERMOTTI, Cam Van QUACH HONGLER and Claude WEBER
Abstract
This paper is devoted to the study of prime alternating +achiral knots. In the case of
arborescent knots, we prove in the +AAA Visibility Theorem 5.1, that the symmetry is visible
on some (not necessarily minimal) projection and that it is realized by a homeomorphism of
order 4. In the general case (arborescent or not), if the prime alternating knot has no minimal
projection on which the +achirality is visible, we prove that the order of +achirality is necessarily
equal to 4.
1 Introduction
In this paper knots in S3 and projections in S2 are assumed to be prime and oriented.
Let K be an alternating knot. It is well-known that one can detect from a minimal projection Π
of K many topological invariants (such as the genus and the crossing number, see for instance [4],
[17]) and many topological properties such as being fibered or not (see for instance [11]). Hence it
is natural to raise about achirality (see Definition 2.1) the following
Question 1.1. Is it possible to see the achirality of an alternating knot on some projection of the
knot?
For −achirality, the answer is yes by [6]. Moreover there exists a minimal projection on which the
−achirality is visible.
For +achirality, if the knot is arborescent there exists a projection on which the +achirality is visible.
However the projection might not be minimal. More precisely, we prove the following Theorem 5.1
Theorem 5.1 (+ AAA Visibility Theorem)
Let K ⊂ S3 be a prime, alternating, arborescent knot. Suppose moreover that K is +achiral.
Then there exists a projection ΠK ⊂ S2 of K (not necessarily minimal) and a diffeomorphism
Φ : S2 −→ S2 of order 4 such that:
1. Φ preserves the orientation of S2.
2. Φ preserves the orientation of the projection.
3. Φ(ΠK) = Π̂K where Π̂K denotes the image of ΠK by the reflection through the projection plane.
An example of non −achitral, alternating, arborescent, +achiral knots (denoted as non −achiral
+AAA knots) without minimal projection on which the +achirality is visible, is described by
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Dasbach-Hougardy in [5]. A detailed study of this family of knots is made below in §6. For each
one we can exhibit, following our proof of +AAA Visibility Theorem 5.1, a non-minimal projection
on which the +achirality is visible. The case of non-arborescent knots is more intricate. However
we can prove the following theorem.
Order 4 Theorem 7.1
Let K be an alternating +achitral knot without minimal +achiral projection. Then the order of
+achirality of K is equal to 4.
1.1 Organization of the paper
In §2 we present our definition of visibility. It is based on twisted rotations in R3 and on a theorem
of Feng Luo which asserts that a hyperbolic +achiral knot K in S3 is isotopic to a knot K∗ invariant
by a twisted rotation of finite order. Roughly speaking, the +achirality is visible on a projection Π
if the reflection plane of the twisted rotation coincides with the projection plane.
In §3 we explain how visibility according to this definition can be realized in the case of alternat-
ing knots. The starting point is Key Theorem 3.1 which is just a restatement of the Menasco-
Thisthlethwaite Theorem for the +achirality symmetry of alternating knots. If Π is a minimal
projection of the +achiral knot K, there exists an orientation preserving homeomorphism of the
projection plane which together with flypes, transforms Π into Π̂ where Π̂ denotes the image of Π
by the reflection through the projection plane.
If flypes were not necessary, we would be done. Indeed the homeomorphism of Key Theorem 3.1 is
isotopic to a homeomorphism of finite order, which then is conjugate to a twisted rotation by Finite
Order Lemma 3.1 and a theorem of Kerekjarto [2].
However flypes are needed in general. Thus the objective is to understand how flypes perform. For
this purpose we use a tool provided by Bonahon-Siebenmann which structures a knot projection.
The salient points of their theory are recalled in the Appendix. This consists in dividing the projec-
tion plane into diagrams which can be of two kinds: twisted band diagrams or jewels. The partition
of the plane is coded by a tree called structure tree. The +achirality isomorphism (which is a
composition of homeomorphisms and flypes) induces an automorphism on the structure tree. It is a
fact that this automorphism has exactly one fixed point. There are two possibilities (Theorem 3.2):
i) The fixed point is an edge of the tree. It corresponds to an invariant Haseman (Conway) circle by
the achirality isomorphism.
ii) The fixed point is a vertex, which necessarily corresponds to a jewel.
In §4 we study the minimal projection for achiral arborescent alternating knots for which only case
i) can occur. The fixed point of the automorphism corresponds to a Conway circle which is invariant
by the achirality isomorphism. Proposition 4.1 describes the schematic types of minimal projections
of such knots. It is already done in (Section 6 [6]) for the case of knots. However the proof in
the present paper is generalized to the case of links. It is based on the Murasugi decomposition of
alternating links ([21]).
Finally we have Theorem 4.1 which gives a necessary and sufficient condition for an arborescent
alternating knot to be +achiral. The order of +achirality of a +AAA knot is 4.
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Section §5 deals with the +AAA Visibility Theorem 5.1. The visibility of the +achirality of +AAA
knots is proved by introducing the notion of the depth defined in §5.1 for arborescent tangles. An
outline of the proof is given in §5.4 with the help of a move called the α-move (§5.3) which provides
the induction step.
In §6 we study in detail a family of knots we call the DH-knots (Definition 5.1). An example of this
class of knots is described by Dasbach-Hougardy in [5]. They are +achiral, not -achiral, with no
minimal projection on which the +achirality is visible. Following our constructive proof with the
α-move, we can exhibit for these knots, a non-minimal projection on which the +achirality is visible.
In §7, we prove the Order 4 Theorem 7.1 which states that a +achiral alternating knot which has
no minimal achiral projection, has +achirality order equal to 4. By Theorem 5.1, the proof consists
essentially in the analysis of the situation when the fixed point of the automorphism of the structure
tree is a jewel.
The Appendix §8 is a reminder of the canonical decomposition of the projection of a knot.
1.2 Some comments on terminology
(1) The present paper is written with the intention of being self-contained. So we have included full
proofs of facts known but not always stated under the appropriate form. For instance Finite Order
Lemma 3.1 and a result about rational tangles. However we advise the reader to go back to [6] for
further details if needed.
(2) We stress that our point of view is strictly 2-dimensional, since we consider projections of al-
ternating knots. There are no hidden Conway spheres as pointed out in [23]. Conway circles are
necessarily boundaries of alternating diagrams and are called Haseman circles.
(3) For the same reason, our terminology “arborescent” is based exclusively on the class of alternat-
ing knot projections. Thanks to the Menasco-Thistlethwaite Flyping Theorem ([16]), our definition
is intrinsic, i.e. depends only on the knot type.
(4) A (knot/link) projection is the image of a knot/link in S3 by a linear and generic projection (in
the sense of Reidemeister) onto S2. The name “diagram” will be used to refer to a different object,
defined in the Appendix.
Acknowledgements. We are grateful to the referees for their careful reading of our manuscript.
Their insightful comments helped us greatly in writing the present version.
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2 On the visibility of the symmetries of a knot
2.1 The group of symmetries of a knot and twisted rotations in 3-space
Let K ⊂ S3 be a knot in S3. Let pi0Diff(S3,K) be the group of isotopy classes of diffeomorphisms
f : S3 → S3 such that f(K) = K. By definition, it is the group of symmetries of the knot K.
It is well-known that one can replace diffeomorphisms by homeomorphisms in the above definition.
Isotopy classes produce isomorphic quotient groups.
Definition 2.1.
1. A knot K is +achiral if there exists a mirror homeomorphism Ψ : (S3,K) → (S3,K)
which reverses the orientation of S3 but preserves the orientation of K.
2. A knot K is −achiral if there exists a mirror homeomorphism Ψ : (S3,K) → (S3,K)
which reverses the orientation of both S3 and K.
Theorem 2.1. (Feng Luo [15]) Suppose that K is hyperbolic. Then the subgroup Ck of pi0Diff(S
3,K)
of symmetries which preserve the knot orientation is a cyclic subgroup of order k.
Suppose that K is +achiral. Then the order k of Ck is even. Let ω be a generator of this cyclic
group. Then ω reverses the orientation of S3. Write k = 2µu with µ ≥ 1 and u odd. Then ωu also
reverses the orientation of S3 and is of order 2µ.
Definition 2.2. The order of +achirality of K is 2µ.
For hyperbolic knots Feng Luo gives explicit diffeomorphisms of S3 for each type of symmetry. In
the case of +achirality they are described in ([15], Corollary 5) and stated below as Theorem 2.2.
Let m ≥ 1 be an integer. Consider a rotation rm in R3 with angle 2pi/m and the reflection Re
through a plane orthogonal to the axis of rotation.
Definition 2.3. A twisted rotation hm of angle 2pi/m is the composition Re ◦ rm
Let n be the order of hm. Two cases can occur:
1. m is even: Then n = m.
2. m is odd. As (hm)
m = Re, the order n of hm is n = 2m.
Feng Luo proves the following theorem, a beautiful achievement of the efforts of many topologists.
Theorem 2.2. ([15]) Let K ⊂ S3 be a hyperbolic knot. Suppose that K is +achiral. Then K is
isotopic to a knot K∗ which is invariant by a twisted rotation hm of angle 2pi/m.
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In fact, we have:
Proposition 2.1. The integer m of hm is even.
Proof. Suppose that m is odd. As (hm)
m is equal to the reflection Re, K
∗ is invariant by Re. This
implies that K∗ is a non-trivial connected sum. This contradicts the fact that K∗ is hyperbolic and
hence prime.
Corollary 2.1. The order n of the twisted rotation hm is equal to the order m of the rotation.
Corollary 2.1 and some arguments presented in [15] provide a proof of the following proposition.
Proposition 2.2. The twisted rotation hm generates a cyclic group Cm of order m in Diff(S
3,K)
and Cm is mapped isomorphically onto the cyclic subgroup Ck in pi0Diff(S
3,K).
Corollary 2.1 and Proposition 2.2 imply the following useful fact:
Fact Since m = k = 2µu, we obtain the order of +achirality 2µ with µ ≥ 1 from the order n = m
of the twisted rotation.
We thank the referees for drawing our attention to the fact that in the original definition of a twisted
rotation, the integer m might be odd. Fortunately, this case does not happen for +achiral hyperbolic
knots. So, what might have been a little gap in Feng Luo’s paper does not matter.
2.2 Visibility
Let K be a hyperbolic ±achiral knot with its projection Π. We now define the achirality visibility
of a knot:
Definition 2.4. A projection Π of a ±achiral knot K on S2 in the ambient space R3 makes the
achirality visible if Π is invariant by a twisted rotation such that the mirror plane of the reflection
Re is the projection plane S
2.
Definition 2.5. A projection Π of a ±achiral knot K on a 2-sphere S2 in the ambient space R3
makes the achirality visible if Π is invariant by a twisted rotation such that the intersection of S2
with the mirror plane of the reflection Re is a great circle.
Although Definitions 2.4 and 2.5 are different, if a projection Π on S2 makes the achirality visible
in the sense of Definition 2.5 we can construct another diagram Π′ from Π that makes the achirality
visible in the sense of Definition 2.4.
For our purpose, we will use the notion the achirality visibility of Definition 2.5.
Definition 2.6. A projection of a ±achiral knot K which makes the ±achirality visible is called a
±achiral projection of K.
Example 1. Fig.1 exhibits a +achiral projection of Figure-eight knot in the sense of Definition 2.4.
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Figure 1: Figure-eight knot
3 Automorphism of the structure tree for an achiral knot
3.1 Key Theorem 3.1 and the automorphism
For basic facts about the canonical Bonahon-Siebenmann decomposition of a knot projection and
about the structure tree, see the Appendix.
Fundamental to our analysis is Menasco-Thistlethwaite Flyping Theorem which states that
given any two reduced alternating diagrams Π1 and Π2 of an oriented prime alternating link L,
Π1 can be transformed to Π2 by means of a finite sequence of flypes and orientation preserving
homeomorphisms of S2. The projections Π1 and Π2 are said to be isomorphic.
Thus, our starting point is Key Theorem 3.1 which is just a restatement of Menasco- Thisthlethwaite
Flyping Theorem for ±achiral alternating knots.
Theorem 3.1. (Key Theorem)
Let K be a prime alternating oriented knot. Let Π be an oriented minimal projection of K. Then K
is ±achiral if and only if one can transform Π into ±Π̂ by a finite sequence of flypes and orientation
preserving homeomorphisms of S2.
A
A
Figure 2: A flype
Let K be an alternating achiral knot in S3. As the homeomorphisms and the flypes stated in
Key Theorem 3.1 “essentially commute”, we can group the homeomorphisms together in a single
homeomorphism called as an achirality homeomorphism. Hence we can say that Theorem 3.1
asserts the existence of an isomorphism φ˜ : S2 −→ S2 called as an achirality isomorphism which
is a composition of the achirality homeomorphism and a finite number of flypes and which is such
that φ˜(Π) = Π̂.
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Consider the structure trees A(K) and A(K̂) (see §8.4). They only differ by the sign at the B-
vertices. As abstract trees without weights, they are canonically isomorphic.
As this isomorphism induces an isomorphism A(K) −→ A(K̂), we can interpret it as an automor-
phism Φ˜ : A(K) −→ A(K) which sends a B-vertex of weight a to a B-vertex of weight −a.
The Lefschetz Fixed Point Theorem implies that Φ˜ has fixed points. We proved in [6] the following
result on the fixed point set of φ.
Theorem 3.2. Let K be a prime alternating achiral knot and Φ˜ : A(K) −→ A(K) be the automor-
phism induced by an achirality isomorphism of K. Then Φ˜ has exactly one fixed point.
Two possibilities can occur:
1. The fixed point is a vertex which corresponds to an invariant jewel.
2. The fixed point is the center of an edge which has its two vertices exchanged by Φ˜. Such an
edge corresponds to a Haseman circle invariant by the achirality isomorphism and its vertices
correspond both either to two twisted band diagrams or to two jewels.
3.2 Interpretation of Key Theorem 3.1 in terms of twisted rotations
Again let K be an alternating +achiral knot and let Π be a minimal projection of K. Then Theorem
3.1 implies that there exists a homeomorphism φ : (S2,Π) −→ (S2,Π) which preserves the orientation
of both S2 and Π and which, after composition with the reflection Re, realizes the +achirality of K,
up to flypes.
2. Suppose that no flypes are necessary. By Lemma 3.1 (see below in §3.4) φ is isotopic, by an
isotopy which leaves Π invariant, to a finite order homeomorphism φ∗ : (S2,Π) −→ (S2,Π). By
Kerekjarto Theorem ([2]) φ∗ is conjugate to a rotation, of course of finite order. Hence Re ◦ φ∗ is
conjugate to a twisted rotation which makes the + achirality visible.
3. Suppose now that some flypes are needed. Our approach is to reduce, whenever this is possible,
the general case to the case where no flypes are needed. The broad lines of the reduction process
are described as follows.
3.3 Action of a homeomorphism on a decomposition of the 2-sphere
Suppose that we have a finite decomposition R = {Ri} of the 2-sphere S2 into connected planar
surfaces, with Ri ∩Rj for i 6= j either empty or a common boundary component. Suppose moreover
that we have a homeomorphism g : S2 → S2 of finite order n which respects the decomposition: for
every index i, there exists an index k(i) such that g(Ri) = Rk(i).
Consider some Ri and the images g(Ri), g
2(Ri), . . . , g
n(Ri) = Ri. There are two possible cases:
i) g(Ri), g
2(Ri), . . . , g
n(Ri) = Ri are all distinct; we say that the orbit of Ri is generic.
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ii) There exists an integer m with 1 ≤ m < n such that gm(Ri) = Ri; we say that the orbit of Ri is
short.
Now, for a generic orbit the restriction gn|Ri : Ri → Ri is the identity. However for a short orbit
the restriction gm|Ri : Ri → Ri might be a non-trivial automorphism of Ri. In fact, the obstacles to
having an achiral projection come from the short orbits.
We now apply the above fact to a homeomorphism φ responsible of the ±achirality symmetry of
an alternating knot K. Let Σi be a planar surface of the canonical decomposition of an alternating
projection Π of K. Let Γi = Π ∩ Σi. Hence (Σi,Γi) is a diagram of the decomposition.
Let Σj = φ(Σi). Then φ(Γi) ⊂ Σj is flype equivalent in Σj to Γj . If i 6= j, we transform Γj by
flypes into φ(Γi).
We pursue these adjustments by flypes to φ2(Γi) , . . . , φ
l(Γi) as long as this takes place in different
diagrams. Now the following two cases can happen.
i) The orbit of Σi under φ is generic. Then we put an end to the adjustments when l = n. We
do not need to make adjustments in the final step since φn|Σi is the identity. Therefore, the union
of diagrams encountered in the sequence of modifications constitutes a subset of the projection Π,
which is invariant by φ.
ii) The orbit of Σi is short. We put an end to the adjustments when l = m. But φ
m
|Σi : Σi → Σi
might be a non-trivial automorphism of Σi. We know by hypothesis that Γi is flype- equivalent to
φm(Γi). But it is not certain that we can find a Γ
∗
i flype-equivalent to Γi such that Γ
∗
i = φ
m(Γ∗i ). If
we can, we are done. If it is not possible, the involved knot has no minimal achiral projection. We
shall see in §7 that this can happen only if the order of +achirality is equal to 4.
If this reduction process fails to produce a minimal projection on which the +achirality is visible,
there are two cases:
1. For arborescent knots, we can explicitly modify the projection in order to obtain a (non-minimal)
projection which makes the +achirality visible (§5).
2. For non-arborescent knots, the case is open.
3.4 Finite Order Lemma 3.1
Although the next lemma is known by some specialists, we could not find an explicit reference for
the statement we need. So we include here the lemma with a proof for the sake of completeness.
Lemma 3.1. (Finite order lemma) Let Π ⊂ S2 be a knot projection and let ϕ : (S2,Π) −→ (S2,Π)
be a homeomorphism. Then ϕ is isotopic (by an isotopy respecting Π) to a homeomorphism of finite
order.
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Proof. Consider a projection Π ⊂ S2. Associated to it, is a cell decomposition of S2 defined as
follows.
0. The 0-cells are the crossings.
1. The 1-cells are the arcs of Π which connect two consecutive crossings.
2. The 2-cells are the closure of the regions of S2 determined by Π.
The key of the proof is to triangulate the cell decomposition and then use finiteness properties of
simplicial automorphisms. For this purpose we construct a simplicial complex X as follows.
0. The set X0 of vertices is a finite set in bijection with the 0-cells. We denote such a bijection by
η0.
1. For each 1-cell we add to X0 a 1-simplex with extremities compatible with η0. Let X1 be the
union of the 1-simplices. Clearly there is a homeomorphism η1 : X1 −→ Π which restricts to η0 on
X0.
2. Let C2 be a 2-cell and let ∂C2 be its boundary. The inverse image (η1)
−1(∂C2) is a cycle in the
simplicial graph X1.
We then form a simplicial cone with basis this circuit and apex a new vertex. The cone contains
2-simplices and new 1-simplices. The union of X1 and these cones as C2 varies among 2-cells
constitute the simplicial complex X. Since each 2-cell is topologically a cone on its boundary (with
apex some point in its interior) there is a homeomorphism η : X −→ (S2,Π) which restricts to
η1 on X1. Admittedly, η is not unique but the involved choices have no serious consequence. The
homeomorphism η triangulates the cell decomposition associated to (S2,Π).
If in some special cases, we do not get a simplicial complex of dimension 1 on Π, we can add some
vertices to make it simplicial.
Now let ϕ : (S2,Π) −→ (S2,Π) be the given homeomorphism. It induces a permutation of the
0-cells and of the 2-cells. Hence η−1 ◦ϕ◦η induces a permutation of the 0-simplices of X0 and of the
apexes of the cones. This permutation generates a simplicial automorphism of ϕ : X −→ X. As it
is a simplicial automorphism of a finite simplicial complex, it is of finite order. Therefore η ◦ϕ ◦ η−1
is a homeomorphism Φ of finite order of (S2,Π).
Since Φ and ϕ both respect the cell decomposition and induce the same permutation on the cells,
they are isotopic by an isotopy which respects the cells. To prove that, use inductively on the
dimension of the cells the Alexander lemma which asserts the following fact: a homeomorphism of
a closed cell which is the identity on its boundary is isotopic to the identity by an isotopy fixed on
the boundary.
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4 Minimal projection of an achiral alternating arborescent
knot
The main goal of this section is to describe the possible minimal projections of arborescent alternating
achiral knots. However many of the statements are valid for a more general setting (for projections
corresponding to Case 2 in Theorem 3.2, i.e., with an invariant Haseman circle).
First recall that a tangle T is defined by a diagram (as described in Appendix) which is a pair
T = (∆, τ∆) where ∆ is a disc on the projection plane S
2 and τ∆ is the intersection of a link
projection Π with ∆. The boundary of the tangle T denoted by ∂T is the boundary ∂∆ of the
underlying disc ∆. An orientation of the tangle T = (∆, τ∆) is an orientation of τ∆.
Definition 4.1. Two tangles T = (∆, τ∆) and T
′ = (∆, τ ′∆) are isotopic (denoted by T ≡ T′) if
there exists a homeomorphism f : T→ T′ such that:
1. f is the identity on the boundary ∂∆
2. f(τ∆) = τ
′
∆.
4.1 Splitting of the invariant Haseman circle
Let K be a prime achiral alternating arborescent knot and Π a minimal projection of K and let
φ˜ : S2 −→ S2 be an achirality isomorphism. Then, by Theorem 3.2 and Definition 8.10, there exists
a unique Haseman circle γ invariant by φ˜ . Since Π is arborescent, the two diagrams D1 and D2
adjacent to γ which are exchanged by the achirality isomorphism, are twisted band diagrams.
Figure 3: (a) Splitting of the Haseman circle γ
(b) Horizontal and vertical Seifert arcs
The circle γ can be split into two circles and this gives rise to a partition of Π into two tangles
denoted by F and F˜ (Fig. 3). Next, our goal is to show that if K is +achiral then Π is isomorphic
to a projection of type I (illustrated in Fig. 6 and Fig. 7). In ([6], Section 6), this statement is
proved with the assumption that K is a knot and not a link. In what follows, we present another
approach which is not only restricted to knots. It is based on the Murasugi decomposition of a
minimal projection of an alternating link into atoms (recall from [21] that an atom is a prime
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reduced alternating projection whose crossing number is equal to its writhe up to sign). The clue is
to understand how Seifert circles behave in the Murasugi decomposition of the alternating projection
Π. We proved in ([21]), Theorem 5.2) that there is a Seifert circle Ω which goes through both tangles
F and F˜ such that K is a diagrammatic Murasugi sum along Ω of some link L and its mirror link
±L̂; this is roughly denoted by K = L ∗ ±L̂. We call Ω the central Seifert circle of Π.
(Recall that the mirror image of a link L is practically obtained by changing all the crossings of a
projection ΠL of L. If the orientation of ΠL is preserved by the achirality isomorphism φ˜, we denote
the mirror image by +L̂ or simply by L̂ and we say that L̂ and L have the same orientation. If the
orientation of ΠL is reversed, we denote the mirror image by −L̂ and we say that −L̂ and L have
opposite orientations.)
Lemma 4.1. The total number of Seifert circles of Π is odd.
Proof. We prove the lemma by using the property that for an achiral alternating knot/link, the
number of positive atoms is equal to the number of negative atoms in its Murasugi decomposition
([21]).
Denote by h(L) the first Betti number of the orientable surface obtained by the Seifert algorithm
on any minimal projection of L. It is well known that the Betti number h(K), the crossing number
c(K) and the number of Seifert circles s(K) are topological invariants of an alternating knot K
which are related by the identity (see [17], [4]):
h(K) = c(K)− s(K) + 1. (1)
Denote the positive atoms by Li for i = 1, . . . , q and the negative atoms by Li for i = q + 1, . . . , 2q.
We have (see for instance [19]):
h(K) =
q∑
i=1
h(Li) +
2q∑
i=q+1
h(Li). (2)
Moreover the signature σ(K) of K is
σ(K) =
q∑
i=1
h(Li)−
2q∑
i=q+1
h(Li). (3)
Whatever the sign of the achirality of K, the signature σ(K) is 0. Thus (2) and (3) imply that h(K)
is even. As K is an achiral alternating knot, the crossing number c(K) is even. Hence from (1), we
can deduce that the number of Seifert circles c(K) is odd.
In what follows we denote by F̂ the mirror image of F (obtained from F by changing all its crossings).
Neglecting orientations, every minimal projection of K is isomorphic by Key Theorem 3.1 to a
projection Π which is among the 8 possible configurations shown in Fig. 4; the fact that F and F˜ are
exchanged by the achirality isomorphism implies that keeping the right-hand sided tangle F fixed,
a priori F˜ can have 8 possible configurations of F̂ as shown in Fig. 4.
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We now identify what are the relevant configurations of F̂ for ±achiral alternating links.
The bunch of Seifert circles of Π restricted to F contains some inner Seifert circles and two Seifert
arcs. The two Seifert arcs represented in dotted lines in Fig. 3 are either horizontal (b1) or vertical
(b2). These arcs belong either to one or two distinct Seifert circles of the projection Π.
Figure 4: The eight possible configurations
Thus, we have:
Lemma 4.2. Assume without loss of generality that the two Seifert arcs of F are vertical. Then:
1. The Seifert arcs of F˜ are horizontal and the four strands connecting F to F˜ belong to the
central Seifert circle.
2. The configurations (I), (III), (V) and (VII) cannot occur.
Proof. 1. As F and F˜ are “similar” by φ˜, these tangles have the same number of inner Seifert
circles. If the Seifert arcs of F˜ were vertical, the total number of Seifert circles of Π would be even,
in contradiction with Lemma 4.1. Hence the Seifert arcs of F˜ are horizontal. Thereby all the four
strands connecting F to F˜ belong to the central Seifert circle Ω (Fig. 6).
2. By 1. the configurations (I), (III), (V) and (VII) cannot occur as they correspond to the case
where F˜ has its Seifert arcs vertical.
Remark 4.1. Without loss of generality, assume that the central Seifert circle Ω appears as in Fig.
6. Following this Seifert circle, we see that the orientations alternate on the boundary of F.
The closures of F called as numerator N(F) and denominator D(F) ([3]) are coherently oriented
with respect to the orientation of F (Fig. 5). Hence D(F) and N(F˜) are respectively the link L and
its mirror link ±L̂ in the Murasugi decomposition of K = L ∗ ±L̂ as stated in [21] .
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Figure 5: Numerator N(F) and Denominator D(F)
4.2 Projections of Type I and of Type II
Figure 6: The two types of projections
From Lemma 4.2, we only have 4 cases to take into consideration: (II), (IV), (VI) and (VIII). By a
conjugation of the pi-rotation along a horizontal line, Cases (II) and (IV) are equivalent. Similarly
(VI) and (VIII) are equivalent by a conjugation of the pi-rotation along a vertical line. Hence there
are only two cases left to deal with:
(VIII) called as projection of type I and (VI) called as projection of type II (Fig. 6).
A minimal projection of an achiral alternating prime knot is isomorphic up to a global change of
orientation, to a minimal projection of type I or II (see Theorem 6.1 [6]).
Proposition 4.1. Let K be a prime alternating knot and Π a minimal projection with an invariant
Haseman circle. Then:
1. If K is +achiral, Π is isomorphic to a projection of type I.
2. If Π is isomorphic to a projection of type II, K is a −achiral knot with a Tait involution (i.e.,
an orientation preserving involution Φ of S2 such that Φ(Π) = −Π̂).
Proof. It is easy to realize that in a projection of type I, the links D(F) = L and N(F˜) = D(F̂) = L̂
have the same orientation and in a projection of type II, D(F) = L and N(F˜) = D(F̂) = −L̂ have
opposite orientations.
1 . By the Murasugi decomposition, as K is +achiral , we have K = L∗ L̂ ([21]) for some alternating
13
Figure 7: (a) A projection of type I and (b) its image under a twisted rotation Ψ of order 4
link L. Hence Π is isomorphic to a projection of type I as L = D(F) and its mirror image L̂ = N(F˜)
have the same orientation.
2 . A projection of type II corresponds to a −achiral knot. We have D(F) = L and N(F˜) = D(F̂) = −L̂
with opposite orientations; a Tait involution is visible.
We introduce the following notation:
Notation 4.1. Let F be a tangle.
1. F∗ is the half-turn rotation (denoted by R∗) of F with center its “middle”.
2. Fv is the rotation of angle pi in the projection plane about the vertical axis of F.
Analogously the tangle Fh is the rotation of angle pi about the horizontal axis of F.
3. F ∼ G if F and G are related by a homeomorphism which leaves the boundary circle fixed and
by a finite sequence of flypes.
4. F is ∗-equivalent if F ∼ F∗.
5. F is h-equivalent (respectively v-equivalent) if F ∼ Fh (respectively F ∼ Fv).
6. F = F∗ if F is invariant under R∗ and we say that F is ∗-visible.
Definition 4.2. Let F be an alternating tangle such that F is ∗-equivalent. Then:
1. If there exists F′ such that F′ ∼ F (hence F′ is also alternating) and F′ is ∗-visible,
F is strictly ∗-visible.
2. If there is no alternating tangle F′ ∼ F which satisfies F′ ≡ F′∗, F is slightly ∗-visible.
3. F is a ∗-tangle if it can be isotoped into a ∗-visible tangle.
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Figure 8: F, F∗, Fhand Fv
Example 2. The tangle F depicted in Fig. 8 is a ∗-tangle (see Fig. 25) but is only slightly ∗-visible.
We have:
Theorem 4.1. (Theorem 6.5 [6]) Let K be a +achiral alternating knot which is in Case 2. of
Theorem 3.2 and let Π be a minimal alternating projection of K. Then Π is isomorphic to a
projection as illustrated in Fig. 6(a) where the invariant Haseman circle γ decomposes Π into two
tangles F and F̂ and the order of +achirality of K is 4. Moreover F ∼ F∗.
Proof. ([6] Proposition 6.3). The analysis of the possible homeomorphisms of S2 (see [6] for details)
implies that the mirror homeomorphism Ψ is a twisted rotation of order 4 (up to conjugation) whose
reflection Re is by a great circle of S
2. The +achirality of K implies that the condition F ∼ F∗ must
be satisfied.
For a +AAA knot K and Π a minimal projection of K described by Fig. 6(a), we call the tangle F
a primary tangle of Π.
Remark 4.2. 1. In the case where flypes are not necessary, we have the invariance of F and F∗
under R∗, i.e., F = F∗ and F̂ = F̂∗. Thus the projection of type I as illustrated in Fig. 7 is
invariant under a twisted rotation of order 4.
As an example, consider Figure-eight knot. A minimal alternating projection of Figure-eight
knot is a projection of type I such that one of the tangles F and F̂ contains two positive crossings
and the other two negative crossings. It is a +achiral projection in the sense of Definition 2.6.
2. The condition F ∼ F∗ implies that flypes can be involved. This means that we do not have
necessarily a minimal achiral projection. However we shall give in §5 a constructive proof
for the existence of an achiral projection for the +AAA knots. More precisely we describe a
construction producing a non-alternating ∗-visible tangle F which is isotopic to F.
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5 The +AAA Visibility Theorem 5.1
In this section we assume that projections and tangles are arborescent. Let us state the +AAA
Visibility Theorem 5.1 which deals about the existence of an achiral projection for +AAA knots.
Theorem 5.1. (+ AAA Visibility Theorem)
Let K ⊂ S3 be a prime, alternating, arborescent knot. Suppose moreover that K is +achiral.
Then there exists a projection ΠK ⊂ S2 of K (non necessarily minimal) and a diffeomeorphism
Φ : S2 −→ S2 of order 4 such that:
1. Φ preserves the orientation of S2.
2. Φ preserves the orientation of the projection.
3. Φ(ΠK) = Π̂K where Π̂K denotes the image of ΠK by the reflection through the projection plane.
In §5.1, we define the depth of an arborescent tangle.The general form of a primary tangle F of a
projection of type I is described in §5.2, By the analysis in §5.2, we deduce that the obstacles to having
an achiral projection are essentially concentrated in the minimal central tangle of the primary tangle
(Definition 5.10). Therefore our proof of +AAA Visibility Theorem (outlined in §5.4) is essentially
done by induction on the depth of irreducible minimal central tangles; the α-move (described in
§5.3) provides the induction step while revealing the symmetry under R∗.
5.1 Essential Conway circles and Depth of Tangles
In this subsection we introduce the notion of an essential Conway circle of a knot/link projection
Π and we define the depth of a tangle on which the proof by induction of the +AAA Visibility
Theorem 5.1 is based.
Definition 5.1. A rational tangle is a tangle in which all the canonical Conway circles (see
Definition 8.10) are concentric and are such that the innermost circle bounds a disc containing only a
spire (see the definition in the Appendix). A rational tangle of a knot/link projection Π is maximal
if it is not strictly contained in a larger rational tangle of Π.
Definition 5.2. An essential Conway circle of a projection is a canonical Conway circle which
is not properly contained in a maximal rational tangle.
It means that for a maximal rational tangle of a knot/link projection, only its boundary is essential.
Example 3. Consider the tangle τ described in Fig. 9; the canonical Conway circles γ1, . . . , γ5 are
essential while (δ) is not an essential Conway circle. The circle γ0 is not necessarily a canonical
Conway circle of Π.
Let H be an (arborescent) tangle with its underlying disc ∆.
Denote by Cess∆ the set of essential Conway circles contained in ∆. These circles split ∆ into
connected planar surfaces. Let Σ be one of them which is not a disc. Denote its boundary by
∂Σ = {γ, γ1, . . . , γn} where γ bounds inside ∆, a disc ∆Σ which contains all the other components
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Figure 9: A tangle with its essential Conway circles
{γ1, . . . , γn} of ∂Σ. Each γi for i = 1, . . . , n bounds a disc in ∆ which is called an inner disc of the
planar surface of Σ.
We denote by P∆ the set of planar surfaces determined by Cess∆ . We introduce an order relation on
P∆ as follows.
Definition 5.3. Let Σ1 and Σ2 be two elements of P∆. We write Σ1 > Σ2 if Σ2 is contained in an
inner disc of Σ1.
Consider the diagrams (Σi,Γi) with Γi = Σi ∩ Π. As H is arborescent, each of these diagrams is
either a maximal rational tangle or a twisted band diagram. Denote the set of these elements by
S∆. For S∆, the order relation can be derived as follows.
Definition 5.4. Let (Σ1,Γ1) and (Σ2,Γ2) be two elements of S∆ associated to Σ1 and Σ2. Define
the order relation:
(Σ1,Γ1) > (Σ2,Γ2)⇐⇒ Σ1 > Σ2.
Remark 5.1. A minimal element of P∆ is the underlying disc of a maximal rational tangle and a
minimal element in S∆ is a maximal rational tangle.
.Definition 5.5. Let H be a tangle in an arborescent knot/link projection. Let lη be the maximum of
lengths l of descending chains Σ1 > Σ2 > · · · > Σl+1 for the order relation > on the set P∆. (Note
that lη is the number of symbols > in the longest descending chain).
The depth µ(H) of H is defined as:{
µ(H) = lη if ∂H is an essential Conway circle of Π.
µ(H) = lη + 1 if ∂H is not an essential Conway circle of Π and H is not a rational tangle.
Notation 5.1. +G is the tangle G enriched with an extra crossing on the North of G (Fig. 10).
+G is the tangle G enriched with an extra crossing on the South of G (Fig. 16).
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Figure 10: An irreducible tangle
Definition 5.6. Let G be an arborescent tangle sum G1#G2 . . .#Gs with s ≥ 2. The tangle +G is
irreducible if the crossing added to G to form +G does not belong to the supporting band of the
tangle sum (i.e., as depicted in Fig. 10).
Example 4.
1). Rational tangles are of depth 0.
2). Consider the tangle +G of Fig. 20. As µ(G1) = µ(G2) = 0 and µ(G) = 1, we have µ(
+G) = 2.
5.2 Primary tangle of the +AAA knots and its minimal central tangle
5.2.1 General form of a ∗-equivalent tangle
As emphasized at the beginning of §5, we only consider in §5, knot projections and tangles which
are arborescent. We first define the principal decomposition of an (arborescent) tangle.
Let H = (∆,Π ∩∆) be a non rational tangle. Denote its boundary by γ.
Consider the planar connected surface Σ in ∆ (Fig. 11) which has γ in its boundary. Denote the
other boundary components of Σ by γ1, . . . γn; they are essential Conway circles. With Γ = Π ∩ Σ,
the twisted band diagram (Σ,Γ) is called as principal twisted band diagram of H with weight
a =
∑
ai.
Definition 5.7. The principal twisted band diagram (Σ,Γ) with weight a defines the principal
decomposition 〈H; (H1, . . . ,Hn); a〉 of H into n tangles Hi such that ∂Hi = γi for i = 1, . . . , n.
The breath l(H) = n is the number of tangles which constitute the principal decomposition of H.
(Fig. 11).
Let G be an arborescent tangle. By using the arborescent structure of G and thus of +G, we have
the following definition of an irreducible tangle +G.
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Figure 11: (a) Principal twisted band diagram (Σ,Γ = Π ∩ Σ) of H
(b) Principal decomposition of H
Definition 5.8. If the depth µ(+G) satisfies µ(+G) = µ(G) + 1, the arborescent tangle +G is
irreducible. So the principal twisted band diagram of +G is a twisted annulus (§8.1), i.e., +G has
the principal decomposition 〈+G; (G);±1〉.
Let H be an arborescent ∗-equivalent tangle such that l(H) = n ≥ 2 and weight a. Its principal
decomposition is 〈H; (H1, . . . ,Hn); a〉.
We have 4 possible cases for H depending on the parity of n and of a:
Without loss of generality, we can assume that a = 0 or a = 1.
If l(H) = n = 2k + 1 with k ≥ 1, we define the central tangle K(H) of H as:
K(H) =
{
Hj+1 if l(H) = n = 2k + 1 and a = 0.
+Hk+1 if l(H) = n = 2k + 1 and a = 1.
The canonical decomposition of an alternating projection (see the Appendix) and Key Theorem 3.1
imply the following properties:
1. Suppose that n = 2k and a = 0. The center of half-turn rotation R∗ is between Hk and Hk+1.
As H is ∗-equivalent, we have for i = 1, . . . , k
Hn+1−i ∼ H∗i .
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Figure 12: Case with l(H) = n = 2k
As the tangles Hi and Hn+1−i are disjoint, we can perform flypes to get the pairing property
of Hi, i.e.,
Hn+1−i ≡ H∗i .
and Hn+1−i is called the pairing of Hi. By grouping the first k tangles Hi into tangle L, we
get the pairing of L and hence the ∗-visibility of H (Fig. 12(a)).
2. Suppose that n = 2k and a = 1. The crossing can be moved by flypes to the center of the
principal band and as in the previous case, we get the pairing for each i = 1, . . . , k
Hn+1−i ≡ H∗i
and hence the ∗-visibility of H (Fig. 12(b)).
Figure 13: Case with l(H) = n = 2k + 1 and a = 0
n = 2k + 1 with a = 0 or a = 1. the pairing property is fulfilled for i = 1, . . . , k:
Hn+1−i ≡ H∗i .
The center of R∗ is the “middle” of K(H).
20
Figure 14: Case with l(H) = n = 2k + 1 and weight a = 1
3. Suppose that n = 2k + 1 and a = 0. We have:
as H is ∗-equivalent, K(H) is ∗-equivalent (Fig. 13).
Moreover
H is slightly ∗-visible if K(H) = Hk+1 is slightly ∗-visible.
4. Suppose that n = 2k + 1 and a = 1. Again with flypes, the crossing can be moved to the
North of Hk+1. In the case that Hk+1 is not rational, the tangle K(H) = +Hk+1 is irreducible
(Fig. 14).
As H is ∗-equivalent, the pairing property implies that +Hk+1 is also ∗-equivalent.
Moreover H is slightly ∗-visible if K(H) =+ Hk+1 is slightly ∗-visible.
Summary.
Let H be an arborescent alternating tangle with l(H) = n ≥ 2.
(a) If H is ∗-equivalent, then H has the pairing property.
(b) H is ∗-equivalent if and only if H has the pairing property and K(H) is ∗-equivalent.
Moreover
(c) H is slightly ∗-visible if and only if H has the pairing property and K(H) is slightly ∗-visible.
5.2.2 Minimal central tangle of a primary tangle
Let H be an alternating arborescent tangle with the principal decomposition:
〈H; (H1,H2, . . . ,Hn); a〉.
We now extend the notion of central tangle to tangles which are either of even breath or rational
or irreducible. If H is such a tangle, we define its central tangle K(H) as the trivial horizontal or
vertical tangle depending on whether the Seifert arcs of H are horizontal or vertical.
Denote the trivial tangle, be it horizontal or vertical by T∅.
Definition 5.9. The central tangle K(H) is:
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K(H) =

T∅ if H is either rational or irreducible or l(H) = n = 2k.
H1 if l(H) = 1 and a ≡ 0(mod 2) with a 6= 0.
+H1 if l(H) = 1 and a ≡ 1(mod 2) with a 6= 1.
Hk+1 if l(H) = n = 2k + 1 (≥ 3) and a ≡ 0(mod 2).
+Hk+1 if l(H) = n = 2k + 1 (≥ 3) and a ≡ 1(mod 2).
Remark 5.2.
If K(H) = +Hj+1 and K(H) is not a rational tangle, K(H) is irreducible.
We recursively define the central tangles Kr(H) by
Kr(H) = K(Kr−1(H)).
Let K be a +AAA knot and a minimal projection Π of K and a primary tangle F of Π.
We now consider the descending sequence (4) of central tangles of the primary tangle F which begins
with F and ends with Kmin(F):
F ⊃ K(F) ⊃ K2(F) ⊃ · · · ⊃ Kmin(F) (4)
and which is such that each term Kr−1(F) is followed by Kr(F). The last term of (4) is the minimal
central tangle Kmin(F).
Definition 5.10. The minimal central tangle Kmin(F) of F is defined by the condition that
Kmin(F) 6= T∅ and K(Kmin(F)) = T∅.
Consequence of the definition: Kmin(F) is either rational or irreducible or of even breath.
From the analysis in §5.2.1, we can deduce the following important properties of F:
(a) As F is ∗-equivalent, F has the pairing property.
(b) All the central tangles of the descending sequence (4) and in particular Kmin(F), inherit the
∗-equivalence and the pairing property of F.
Moreover
(c) F is slightly ∗-visible if and only Kmin(F) is slightly ∗-visible.
(d) F is a ∗-tangle if and only if Kmin(F) is a ∗-tangle.
Hence the minimal central tangle of a primary tangle plays an essential role in the proof of +AAA
Theorem 5.1.
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5.3 Cross-plumbing and Multiple Cross-plumbing
In this subsection, we introduce an α-move on an irreducible tangle; this gives rise to a “cross-
plumbing” described as below. By its symmetry under R∗, a cross-plumbing is a fundamental step
towards the desired ∗-visibility stated in +AAA Theorem 5.1. If the irreducible tangle is ∗-equivalent,
the tangles which compose the cross-plumbing are also ∗-equivalent (Proposition 5.1).
Figure 15: The tangle +G
5.3.1 α−move and cross-plumbing
Consider the irreducible tangle +G where G is a sum tangle G1 # G2 (Fig. 15); ∂G1 and ∂G2 are
not necessarily essential Conway circles.
We now define an operation called α−move on the irreducible tangle +G which consists
(i) in introducing two Reidemeister moves of type II, one in the North of G1 and the other in the
South of G2; this creates four more crossings in
+G
and after
(ii) in performing the isotopy of the strands as illustrated in Fig. 16.
Finally we obtain a principal non-twisted band which appears as vertical on the figure and two bands
plumbed on it, forming a X-shape as depicted in Fig. 17; one of the two band supports +G1 and
the other +G2. We say that
+G is a cross-plumbing of +G1 and +G2.
We have a straightforward but important lemma:
Lemma 5.1. +G is ∗-equivalent if and only if G is h-equivalent; analogously for +G.
Let +G be given as in Fig.15. We have:
Lemma 5.2. If +G is ∗-equivalent, G1 and G2 are h-equivalent.
Proof. The proof is given by Fig. 18.
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Figure 16: An α−move
From these two lemmas, one can deduce the following proposition which reduces to the case of
∗-equivalent tangles of smaller depth.
Proposition 5.1. If +G is ∗-equivalent, +Gi (and +Gi) is ∗-equivalent for i = 1, 2.
Proposition 5.1 can be generalized as follows:
Proposition 5.2. Let G be a tangle sum with m (≥ 2) components G = G1 #. . . .# Gm. Then if
+G is ∗-equivalent, +Gi is ∗-equivalent for every i = 1, . . . ,m (idem for +Gi).
5.3.2 Multiple cross-plumbing
We generalize the notion of a cross-plumbing on an irreducible tangle +G where G has 2 sum-
mands, i.e., G = G1 # G2 to a multiple crossing-plumbing of
+G where G has s summands, i.e.,
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Figure 17: A cross-plumbing
Figure 18: +G ∼+ G∗
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Figure 19: +G with a coarse sum on G = G1 # . . .# G5
G = G1#. . . .#Gs with s ≥ 3.
Consider the coarse sum of G defined as the sum tangle G = Ĝ1,1 # Gs where Ĝ1,1 = G1 # . . .# Gs−1
and Gs is the rightmost tangle of G = G1 #. . . .# Gs.
We denote by Ĝ1,j the sum tangle:
Ĝ1,j = G1 # . . .# Gs−j.
As shown by Fig.19, Ĝ1,1 and Gs now respectively play the role of G1 and G2 of
+G described in
Fig. 15. By an α-move called as coarse α-move, we realize +G as a cross-plumbing of +Ĝ1,1 with
+Gs. In some sense, we “reveal” the tangle +Gs from
+G.
On +Ĝ1,1, we again perform a coarse α-move by considering Ĝ1,1 as coarse sum Ĝ1,1 = Ĝ1,2#Gs−1.
The tangle +Ĝ1,1 is then realized as a coarse cross-plumbing of
+Ĝ1,2 with +Gs−1.
And so on, we perform on each +Ĝ1,j for j = 1, . . . , s − 3, a coarse α-move which“reveals ” +Gs−j
until we arrive at +Ĝ1,s−2. At the end as Ĝ1,s−2 = G1#G2, we perform an α-move on +Ĝ1,s−2
which expresses +Ĝ1,s−2 as a cross-plumbing of +G1 with +G2. Hence we perform a sequence of
α-moves on +G which expresses +G as a multiple cross-plumbing of +G1 with the s− 1 tangles
+Gi where i = 2, . . . , s.
Remark 5.3.
By Proposition 5.2, if +G is ∗-equivalent, +Gi is ∗-equivalent for every i = 1, . . . , s with s ≥ 2 (idem
for +Gi). Therefore if we can isotope every
+Gi into a ∗-visible tangle, a multiple cross-plumbing
of these tangles gives rise to a ∗-visible tangle isotopic to +G.
5.4 Outline of the proof of Theorem 5.1
Let K be a +AAA knot. By Theorem 4.1, K has a minimal projection Π of type I (Fig. 7) with
an invariant Haseman circle which decomposes Π into two tangles F and F̂ such that F and F̂ are
∗-equivalent. Being ∗-equivalent tangles, F and F̂ are both either strictly or slightly ∗-visible.
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The goal is to show that F can be isotoped into a ∗-visible tangle called as F . If so, F̂ is also be
isotoped into the ∗-visible tangle F̂ and we are done: the resulting projection Π′ isotoped to Π can
be obtained from the “plumbing” of F with F̂ which is invariant under a twisted rotation of order
4 (as shown in Fig. 7).
Moreover as the strict or slight ∗-visibility of F is completely determined by Kmin(F) (§5.2.2), we
will focus on ∗-equivalent minimal central tangles.
If Kmin(F) is a ∗-tangle, by the pairing property on each term of the sequence (4), we can get a
∗-visible tangle isotoped to F and we are done as above described. Hence our constructive proof of
+AAA Visibility Theorem only needs to deal with ∗-equivalent minimal central tangles.
By §5.2.2, the ∗-equivalent minimal central tangles are either (1) of even breath or (2) rational or
(3) irreducible.
(1) If Kmin(F) has its breath even, Kmin(F) is strictly∗-visible. By using the pairing property on
each term of the sequence (4), we realize a ∗-visible primary tangle F0 which is alternating. We are
done with F = F0; as expected, the “plumbing” of F0 with F̂0 described in Fig. 7, gives rise to a
minimal achiral projection via Definition 2.5.
(2) If Kmin(F) is rational, Kmin(F) is a ∗-tangle (in an appropriated plumbing form (see §5.6) or in
its pillow-form ([3] Theorem 8.2), a rational tangle exhibits a lot of visible symmetries; rotating it
by an angle pi about any principal axis (North-South, East-West) or any axis which is orthogonal to
the projection plane produces the same isotopy of tangle).
By the pairing property on each term of (4), we can thus exhibit a ∗-visible tangle isotoped to F
which is not alternating in general. Hence the resulting achiral projection is not minimal in general.
(3) Our proof of +AAA Theorem 5.1 is focused on ∗-equivalent minimal central tangles and is
done by induction on their depth such that the induction hypothesis (Pn) of the +AAA Visibility
Theorem 5.1 is
∗-equivalent alternating arborescent tangles of depth ≤ n are ∗-tangles. (Pn)
Hence by (1) and (2), the only case left to deal with is where the ∗-equivalent minimal central tangles
are irreducible.
As we will see in §5.5, to prove that an irreducible ∗-equivalent tangle is a ∗-tangle, we will perform
a multiple cross-plumbing which involves ∗-equivalent tangles of smaller depth and thus, yields the
induction step.
5.5 Case of irreducible ∗-equivalent central minimal tangles
From now on, we denote an irreducible ∗-equivalent tangle Kmin(F) by +G (Fig. 10) with breath
l(G) = s.
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Figure 20: A tangle +G with µ(+G) = 2
Claim: Let +G be an irreducible tangle, that is +G has principal decomposition
〈+G; (G) : ±1〉.
Assume that G has principal decomposition
〈G; (G1, . . .Gs), 0〉.
Denote µi = µ(Gi) for each i = 1, . . . , s and by µM = max{µ(G1), . . . , µ(Gs)}.
As ∂Gi is an essential Conway circle of Π, we have µ(G) = µM + 1 and
µ(+G) = µ(G) + 1 = µM + 2
.
Consequence: The minimal depth of an irreducible tangle is 2.
• (P2) is true as:
(∗) Case where µ(+G) = 2 and G is of breath 2.
The tangle G has principal decomposition:
〈G; (G1,G2); 0〉
where G1 and G2 are rational. By performing an α-move on
+G, we get a cross-plumbing of +G1
and +G2 which are both rational and thus, are both ∗-tangles. Via the cross-plumbing, we obtain a
tangle isotopic to +G invariant under R∗.
(∗∗) Case where µ(+G) = 2 and G has breath l(G) = s ≥ 3.
The tangle G has principal decomposition:
〈G; (G1, . . . ,Gs); 0〉.
As µ(+G) = 2, each Gj is rational for j = 1, . . . , s. So as well as Gj, the rational tangles +Gj and
+Gj are ∗-tangles. Via the multiple cross-plumbing described in §5.3.2, we can produce a ∗-visible
tangle isotopic to +G.
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Note that µ(+G) = 2 corresponds to the case where G is a Montesinos tangle (Definition 6.3).
(P2) being true, we can proceed to the next step.
Figure 21: µ(+Gi) = µ(Gi)
How are related µ(+Gi) and µ(
+Gi) to µi?
Claim: For i 6= 0,
µ(+Gi) = µ(Gi) = µi.
Proof: By definition of the principal decomposition of G, the boundary ∂Gi for i 6= 0 is an essential
Conway circle of Π and the extra crossing in the South can be assimilated to the principal twisted
band of Gi (see Fig. 21). Hence +Gi is not irreducible and
µ(+Gi) = µi.
• By induction hypothesis, (Pn) is true: every ∗-equivalent arborescent alternating tangle with depth
≤ n is a ∗-tangle.
Consider now the case where +G is a ∗-equivalent irreducible arborescent alternating tangle with
µ(+G) = n+ 1.
Let +G be with µ(+G) = n+ 1.
As µ(+G) = 2 + µM where µM = max{µ(G1), . . . , µ(Gs)}, we have
n+ 1 = 2 + uM.
Hence µM = n− 1. This implies that each µi ≤ n− 1
Let G be with principal decomposition:
〈G; (G1, . . . ,Gs); b〉.
We gather the b crossings in a tangle G0 and G can be considered as a sum tangle with tangles of
depth ≤ n− 1
G = G0 #G1 # . . . # Gs.
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.As it is rational , +G0 is a ∗-tangle.
Proposition 5.2 implies that +Gi and
+Gi are ∗-equivalent for each i = 1, . . . , s.
As described in §5.3.2, we consider a sequence of coarse sums and α-moves which results into a
multiple cross-plumbing on +G with ∗-equivalent tangles.
As +Gi is ∗-equivalent with depth µi ≤ n− 1, +Gi is a ∗-tangle by (Pn). Therefore by the multiple
cross-plumbing with ∗-tangles, we can exhibit ∗-visibility on some non-alternating tangle G isotopic
to +G.
Hence (Pn+1) is true.
Therefore we have shown that ∗-equivalent irreducible alternating arborescent tangles are ∗-tangles.
Summary:
It follows that whenever Kmin(F) is of even breath, rational or irreducible, with the pairing property,
we can isotope the primary tangle F into a ∗-visible tangle F (which can be not alternating) which
gives rise to an achiral projection for the +AAA knot K via the projection of Fig. 7. See examples
in §6.
5.6 Rational tangles
Let T be a rational tangle with its underlying disc ∆. Consider the canonical Conway circles which
are concentric, delimiting twisted annuli except the most interior twisted band diagram which is
spire. Denote these twisted band diagrams by P (xi) with i = 1, . . . , u such that P (xu) is a spire
and the other ones are twisted annuli.
As in Definition 5.3, we define an order relation between these twisted annuli and the spire:
P (xk) > P (xj) if and only if P (xj) is contained in the interior disc of P (xk).
Let us consider the maximal chain P (x1) > · · · > P (xu) of the rational tangle T . We denote this
chain by P (x1, . . . , xu). Odd weights prevent to exhibit a symmetric form. We could use α−moves.
However there is a better way to proceed. This argument is present more or less explicitly several
times in the literature (see ([14] and also [8]).
Since the projection is alternating, the signs of the weights alternate. Without real loss of generality,
we assume that x1 > 0. Let ai = (−1)i+1xi. As usual we define the rational number p/q by the
continued fraction:
p
q
= [a1, a2, · · · an] = a1 + 1
a2 +
1
. . . +
1
an
We denote this continued fraction expansion by C(a1, . . . , au). Let C(b1, . . . , bv) be the continued
fraction expansion of p/q with each bj even except for bv if p and q are both odd. Let yj = (−1)j+1bj .
It is possible to modify the plumbing P (x1, . . . , xu) into the plumbing P (y1, . . . , yv) by a sequence
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Figure 22: A gimmick (g) followed by a transfer move (t)
of operations which correspond to a ± blow-up in plumbing calculus (see Walter Neumann [18]) and
also to Lagrange Formula (see Cromwell’s book p.204 [3]) in continued fraction expansions. The
operation modifies the plumbing
P (z1, . . . , zi, zi+1, . . . , zw)
to the plumbing
P (z1, . . . , zi−1, zi ± 1,±1, zi+1 ± 1, zi+2, . . . , zw)
The corresponding tangles are isotopic (see Definition 4.1). Note that the plumbing notation takes
care of signs elegantly. The ± blow-up operation is defined as follows. It is the combination of a
gimmick and a transfer move in the sense of Kauffman-Lambropoulou ([14]) including a rotation
of angle pi/2 for the interior tangle. The gimmick introduces two crossings of opposite sign by a
Reidemeister move of type II at the extremity of a twist. The transfer move pushes a non-alternating
arc. Its new position creates the ±1 between the ith and the (i+1)st entry in the plumbing. See
Fig. 23.
At some stage of the sequence of operations, it is possible to encounter a weight equal to zero. In
this case the following plumbings are isotopic.
P (z1, . . . , zi−1, 0, zi+1, . . . , zw) ≡ P (z1, . . . , zi−1 + zi+1, . . . , zw)
P (z1, . . . , zw−2, zw−1, 0) ≡ P (z1, . . . , zw−2)
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The isotopies can easily be seen on the corresponding diagrams. Of course this can also be checked
on continued fractions. These last equivalences are called 0-absorption by Walter Neumann.
Remark 5.4.
1. We have assumed that the first weight x1 is > 0, but there is no real difference in the arguments
if we have x1 < 0. It suffices to use −blow ups instead.
2. The last weight yv is odd if p and q are both odd. This fact does not prevent P (y1, . . . , yv) from
being invariant by a half turn since the innermost circle contains a spire.
Example 5. Consider the rational tangle P (1,−4). It is isotopic to the tangle P (2, 2, 2, 2) which
exhibits ∗-visibility.
Figure 23: The rational tangle P (1,−4)
6 The knots of Dasbach-Hougardy and Stoimenow
Knots (non-necessarily alternating) which are +achiral but not −achiral are rather rare among
achiral knots. Among the 20 achiral knots (all alternating) with crossing number c < 12, none is
only +achiral.
According to Hoste-Thistlethwaite-Weeks ([10]) we have:
1) For c = 12 there are 54 alternating achiral knots. Exactly one of them is only +achiral. It was
recognized by Haseman (it is her knot 59=60) and also earlier by Tait, with a vocabulary different
from what is used today. See [20]. There are also 4 non-alternating achiral knots. No one is only
+achiral.
2) For c = 14 there are 223 alternating achiral knots. Among them 5 are only +achiral. There are
also 51 non-alternating achiral knots. Exactly one of them is only +achiral.
3) For c = 16 there are 1049 alternating achiral knots. Among them 40 are only +achiral. There
are also 490 non-alternating achiral knots, with 25 only +achiral.
4) All in all there are 1’701’935 non-trivial knots with c ≤ 16. There are 491’327 alternating knots
and 1’201’608 non-alternating ones. There are 1’892 achiral knots (including a surprising one with
15 crossings). Among them 1’346 are alternating and 546 non-alternating. There are 82 knots which
are only +achiral; 56 are alternating and 26 non-alternating.
5) Hence there are 1’290 alternating achiral knots with c ≤ 16 which are −achiral. For all of them
the −achirality is visible on a minimal projection, according to our result [6].
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Figure 24: The shape of Dasbach-Hougardy tangle
As alternating knots which are −achiral have always minimal projections which are achiral, from
now on we only consider alternating knots which are +achiral but not −achiral. In particular those
for which there exists no achiral minimal projection. The first example of this class was given by
Dasbach-Hougardy in [5]. Since it is arborescent, in accordance with [6] it has a minimal projection
of Type I as displayed in Fig. 6. Its tangle F called as Dasbach-Hougardy tangle has the shape
shown in Fig. 24.
Definition 6.1. Let K be an arborescent alternating knot and that K have an alternating projection
of Type I with its primary tangle F formed by two tangles F1 and F2 as described in Fig. 24. If K
satisfies the following conditions:
1. F ∼ F∗
2. F1 is not flype-equivalent to any of the tangles F2, F
v
2, F
h
2 and F
3
2.
then K is called a DH-knot.
Proposition 6.1. Let K be a DH-knot. Then K is +achiral but not −achiral.
Proof. The condition 1 implies that K is +achiral and the condition 2 implies that F is not flype-
equivalent to Fv or Fh. Hence by Proposition 6.3 in [6], K is not −achiral.
Remark 6.1.
1. The North crossing on the irreducible tangle of Fig. 25 prevents the minimal projection to be
achiral. In other words, such a knot has no minimal projection which is +achiral. However
the α-move provides a non-minimal achiral projection.
2. If the tangles Fi are not arborescent. there is also no minimal projection where the +achirality
is visible. But we do not always have a method to exhibit an achiral projection.
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Figure 25: An example of a Dasbach-Hougardy tangle under a symmetrized form
Denote by ci the number of crossings of Fi. Hence the number c of crossings of the minimal
projection of the knot is 2(c1 + c2 + 1). To avoid degeneracy we must have ci ≥ 3.
Let us restrict Fi to rational tangles. Let C(a1, . . . , au) be the Conway word for a rational tangle
There are two rational tangles with crossing number equal to 3: C(1, 2) and C(3). Hence there
is exactly one knot with c = 14. It is the original Dasbach-Hougardy knot with F1 = C(1, 2)
and F2 = C(3). Its Hoste-Thistlethwaite-Weeks notation is 14− 10435(a).
We now consider DH-knots with 16 crossings. There are 4 rational tangles with crossing number
equal to 4: C(1, 1, 2) , C(1, 3) , C(2, 2) and C(4). But C(1, 3) and C(4) must be discarded since we
would get a link. Hence we can construct DH-knots as follows.
1) F1 = C(1, 2) and F2 = C(1, 1, 2); this is the knot 16− 178893(a).
2) F1 = C(1, 2) and F2 = C(2, 2); this is the knot 16− 125918(a).
3) F1 = C(3) and F2 = C(1, 1, 2); this is the knot 16− 223267(a).
4) F1 = C(3) and F2 = C(2, 2); this is the knot 16− 223382(a).
5) F1 = C(1, 2) , F2 = C(3): By adding one supplementary crossing in the central band connecting
F1 and F2, we get the knot 16− 220003(a).
Therefore there are 6 DH-knots with c ≤ 16. These knots were listed by Alexander Stoimenow in
[22] as knots for which no projection is known to be achiral. The method we present provides for
each of these six knots a non-minimal achiral projection.
Fig. 25 illustrates our procedure applied on the original Dasbach-Hougardy knot with a cross-
plumbing of 3 twisted bands.
It is clear that there exist DH-knots for every even crossing number ≥ 14. Moreover if one requires
the tangles Fi to be rational, an exhaustive list can be obtained. Alexander Stoimenow has also
listed in [22] four +achiral knots for which no achiral projection is known. However they are not
alternating and hence our method cannot be used. Apparently, the existence of an achiral projection
for these knots is still unknown.
By Knotscape, these knots are only +achiral with order equal to 4.
Definition 6.2. Let K be a +AAA knot. The depth of K is the depth of the primary tangle of a
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minimal projection of K.
Here is a little analysis of knots with small depth.
Depth 0. The +AAA knots with depth 0 are rational knots. The structure tree for any rational
knot is an interval with N vertices. The sign of the weights alternates along the interval. If
the knot is achiral, the automorphism Φ˜ of the tree is the reflection through the middle of the
interval. So N = 2k. The primary tangle is one half of the interval and properties of the +achirality
automorphism of the structure tree implies that the weights satisfy the equality ai = a2k−i+1 for
1 ≤ i ≤ k.
On the other hand, rational knots are classified in general by an integer p ≥ 2 and an integer q
prime to p such that 1 ≤ q ≤ (p − 1). The existence of the equalities ai = a2k−i+1 for 1 ≤ i ≤ k is
equivalent to q2 ≡ −1 mod p. This condition on the integers p and q, is a classical necessary and
sufficient condition for a rational knot to be +achiral.
In conclusion we see that Key Theorem 3.1 enables us to recover without much pain this well known
condition for the achirality of rational knots. As a bonus, we obtain that the order of +achirality is
equal to 4.
The achirality is in general not visible on a minimal projection. The condition for this is that the
weights are even. A projection which does not satisfy this condition can be modified to one with
even weights by a systematic use of gimmicks, thus adding new crossings.
Definition 6.3. A Montesinos tangle is an arborescent tangle with principal decomposition
〈F; (F1, . . . ,Fn); 0〉 such that its tangle Fi for each i = 1, . . . , n, is a rational tangle.
Depth 1. The +AAA knots of depth 1 have a Montesinos tangle for primary tangle. But these knots
are not Montesinos knots, for a Montesinos knot is never achiral. For those which are alternating,
one can easily prove this last fact since the structure tree of Montesinos knots does not admit an
automorphism which satisfies the conditions of achirality.
Depth 2. Typical examples are the Dasbach-Hougardy knots. Depth 2 is the smallest value of the
depth which may require the use of the α-move.
7 Order 4 Theorem 7.1
7.1 Statement and Proof of Order 4 Theorem 7.1
Theorem 7.1. (Order 4 Theorem)
Let K be an alternating +achiral knot without minimal +achiral projection. Then the order of
+achirality of K is equal to 4.
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Note that we do not assume that K is arborescent. The theorem is valid in the class of +achiral
alternating knots.
Proof. If a Haseman circle is invariant, there is nothing to prove since in that case the order of +
achirality is equal to 4. See §4.
So let us suppose that there is a jewel D which is invariant. We perform on Π the construction we
already performed in [6] called the Filling Construction. For the convenience of the reader, we recall
it.
We begin with a ±achiral knot and with a minimal projection Π of K on S2 with a jewel D invariant
by the automorphism Φ˜ which acts on the structure tree A(K). Let γ1, . . . , γk be the Haseman circles
which are the boundary components of D. Each γi bounds in S
2 a disc ∆i which does not meet
the interior of D. The projection Π cuts γi in four points. Inside ∆i the projection Π joins either
opposite points or adjacent points. In the first case, we replace Π ∩ ∆i by a singleton and in the
second case by a 2-spire (see definition in §8) appropriately placed. We obtain in this manner a
projection Π∗ of a new knot K∗. With an appropriate choice of the crossings, we obtain a minimal
alternating projection Π∗ where flypes cannot take place.
Let us assume that K is +achiral. Then K∗ inherits the property of +achirality of K. Hence
we are exactly in the situation treated in §3.2 about the interpretation of Key Theorem 3.1. The
+achirality is visible on Π∗. There is a finite order rotation acting on S2 which leaves D invariant
and this rotation followed by the reflection through S2 realizes the +achirality of K∗.
Now we come back to K. The same twisted rotation together with flypes realizes the +achirality
of K. We know from Corollary 2.1 that the order, say n, of the rotation is equal to the order of
the twisted rotation. So we can only focus on the rotation. As such it has two fixed points in S2.
Away from these fixed points the action is free. Let us first observe that the fixed points cannot
be on Π since this implies that we would be dealing with −achirality. There are now two possibilities.
First possibility: The two fixed points are in D. Then the finite order rotation freely permutes
the boundary components of D. There are no short orbits. We can accommodate the projection
inside the discs ∆i to obtain a new minimal projection invariant by the twisted rotation.
Second possibility: The two fixed points are outside D, and hence are in two discs ∆i and ∆j
which are exchanged by the reflection. Consider one disc, say ∆i, and its boundary γi. Along γi, in
an enough small neighborhood, there are 4 arcs of Π, cutting transversely γi, and nothing else of Π.
The checkerboard surface of Π implies that the black and white colors in the regions determined by
Π alternate as we move along γi. Since Π is a projection of an achiral knot, the colors are exchanged
by the symmetry. Hence the order of the rotation is equal to 4. Since the order of the twisted
rotation is equal to the order of the rotation, the order of +achirality is equal to 4.
We conclude by observing that the two discs ∆i and ∆j are exchanged by the reflection and make
up a short orbit.
Summary. There are two cases where short orbits appear. Both have order of +achirality equal
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to 4. One case is when a Haseman circle is invariant. The second case is when a jewel is invariant
and when the centers of rotation are outside the jewel, as we have just seen. In these two cases it
is easy to find examples where the +achirality is not visible on a minimal projection. In all other
cases there is no short orbit, for instance when the order of +achirality is not equal to 4. Therefore
there always exists for them a minimal +achiral projection.
7.2 Kauffman-Jablan Conjecture
Let us recall some relevant facts about the checkerboard graphs G(Π) and G?(Π) dual to each other.
Assume that K is an alternating knot. If K has a minimal achiral projection Π, the graphs G(Π) and
G?(Π) are isomorphic (see [6] Proposition 7.4). Recall that the two graphs are isomorphic for some
minimal projection if the knot is −achiral since these knots satisfy Tait’s conjecture. However in
the case of +achirality, the Dasbach-Hougardy knot is an example which has no minimal projection
Π with G(Π) isomorphic to G?(Π) (see [5]).
As the Dasbach-Hougardy knot is arborescent, it motivates the Kauffman-Jablan Conjecture [13]
which we state here in the following form:
Kauffman-Jablan Conjecture. Let K be an alternating knot which is +achiral but not −achiral.
If K has no minimal achiral projection then K is arborescent.
The knot K2 represented in Fig. 26 is a counter-example to the conjecture. See details in Theorem
7.3.
Remark 7.1. In [6] Section 7, we announced wrongly that there exist knots which are counter-
examples to the Conjecture for every order 2λ and λ ≥ 2.
In fact the knots which are counter-examples to the Kauffman-Jablan conjecture exist only for the
order 4.
7.3 +Achirality for every order 2λ
Using the symmetry of the jewels, a constructive proof can be given but not presented here for the
following result:
Theorem 7.2. . For every λ ≥ 1 there exists an alternating (non-arborescent) +achiral knot Kλ
such that:
1. the order of +achirality of Kλ is equal to 2
λ;
2. Kλ is not −achiral.
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3. there exists a minimal +achiral alternating projection of Kλ.
Figure 26: The knot K2
Figure 27: The knot K1
The +achirality can be also not visible on a minimal projection with knots which are not arborescent.
Theorem 7.3. There exists an alternating +achiral knot L2 which is not −achiral and such that:
1. the order of +achirality of L2 is equal to 4,
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2. the knot L2 is not arborescent.
3. there exists no achiral minimal projection of L2.
Proof. First, consider the alternating knot K2 represented in Fig. 26.
Claim: K2 satisfies Theorem 7.1.
Define K1 the knot from K2 by “deleting” the tangles F and F̂ .
Then K1 is a polyhedral alternating knot with four 6-tangles as described in Fig. 27 (a 6-tangle is
a pair (Σ,Π ∩ Σ) where Σ is a disc and Π is the knot projection such that Π ∩ ∂Σ is 6 points).
As described, it is easy to realize that K1 is +achiral with an homeomorphism g of order 4. Denote
one of these four 6-tangles by G. Since G  Gv, K1 is not −achiral.
Let us go back to the knot K2. For the tangles F and F
∗ of K2, g acts as:
g(F) = F̂ and g2(F) = F∗.
Hence g induces a +achirality of K2 if and only if F satisfies the ∗-condition. The choice of F such
that:
1. F ∼ F∗;
2. there is no minimal projection F′ ∼ F such that F′ ≡ F′∗.
gives rise to a knot K2 which illustrates Theorem 7.3. The simplest tangle which satisfies the
conditions is P (1, 2). Then the knot K2 is non arborescent, +achiral of order 4 with no +achiral
minimal projection.
8 Appendix: Canonical decomposition of a projection
In the first three subsections, we do not assume that link projections are alternating.
8.1 Diagrams
Definition 8.1. A planar surface Σ is a compact connected surface embedded in the 2-sphere S2.
We denote by k + 1 the number of connected components of the boundary bΣ of Σ.
We consider finite graphs Γ embedded in Σ and satisfying the following four conditions:
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1. vertices of Γ have valency 1 or 4,
2. let ∂Γ be the set of vertices of Γ of valency 1. Then Γ is properly embedded in Σ, i.e.
∂Σ ∩ Γ = ∂Γ,
3. the number of vertices of Γ contained in each connected component of ∂Σ is equal to 4,
4. a vertex of Γ of valency 4 is called a crossing. We require that at each crossing an over and
an under thread be chosen and pictured as usual. We denote by c the number of crossings.
Definition 8.2. The pair D = (Σ,Γ) is called a diagram.
Definition 8.3. A singleton is a diagram homeomorphic to Fig. 28.
Figure 28: A singleton
The (signed) weight of a crossing on a band is defined according to Fig. 29.
+1 −1
Figure 29: The weight of a crossing on a band
First hypothesis. Crossings along the same band have the same sign. In other words we assume that
a Reidemeister move of type II cannot be applied to reduce the number of crossings along a band.
Definition 8.4. A twisted band diagram is a diagram homeomorphic to Fig. 30.
In Fig. 30 the boundary components of Σ are denoted by γ1, . . . , γk+1 where k+ 1 ≥ 1. |ai| denotes
the number of crossings between γi−1 and γi. The sign of ai is the sign of the crossings. The integer
ai will be called an intermediate weight.
Figure 30: A twisted band diagram
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If k + 1 = 1, the twisted band diagram (Σ,Γ) (i.e Σ is a disc) is called a spire. If k + 1 = 2, the
twisted band diagram is a twisted annulus.
Second hypothesis.
For a spire, we require that |a1| ≥ 2.
For a twisted annulus, we require that a1 + a2 6= 0.
Remark 8.1. Using flypes and Reidemeister II moves, we can reduce the number of crossings of
a twisted band diagram in such a way that either ai ≥ 0 for all i = 1, . . . , k + 1 or ai ≤ 0 for all
i = 1, . . . , k + 1. This reduction process is not quite canonical, but any two diagrams reduced in this
manner are equivalent by flypes. This is enough for our purposes.
Third hypothesis. We assume that in a twisted band diagram, all the non-zero ai have the same
sign.
Notation. The sum of the ai is called the weight of the twisted band diagram and is denoted by
a. If k + 1 ≥ 3 we may have a = 0.
8.2 Haseman circles
Definition 8.5. A Haseman circle of a diagram D = (Σ,Γ) is a circle γ ⊂ Σ meeting Γ transver-
sally in four points, far from crossings. A Haseman circle is said to be compressible if:
i) γ bounds a disc ∆ in Σ.
ii) There exists a properly embedded arc α ⊂ ∆ such that α ∩ Γ = ∅ and α is not boundary parallel.
The arc α is called a compressing arc for γ.
Fourth hypothesis. Haseman circles are incompressible.
Two Haseman circles are said to be parallel if they bound an annulus A ⊂ Σ such that the pair
(A,A ∩ Γ) is diffeomorphic to Fig. 31.
Figure 31: Parallel Haseman circles
Analogously, we define a Haseman circle γ to be boundary parallel if there exists an annulus
A ⊂ Σ such that:
1) the boundary ∂A of A is the disjoint union of γ and a boundary component of Σ;
2) (A,A ∩ Γ) is diffeomorphic to Fig. 31.
Definition 8.6. A jewel is a diagram which satisfies the following four conditions:
a) it is not a singleton.
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Figure 32: A jewel
b) it is not a twisted band diagram with k + 1 = 2 and a = ±1.
c) it is not a twisted band diagram with k + 1 = 3 and a = 0.
d) every Haseman circle in Σ is either boundary parallel or bounds a singleton.
Comments.
1. The diagrams listed in a), b) and c) satisfy condition d) but we do not wish them to be jewels.
As a consequence, a jewel is neither a singleton nor a twisted band diagram.
Figure 33: 10*** is a tangle sum of two 6*
2. It is necessary to make a comparison between the jewels (as defined in Definition 9.7) and
Conway’s basic polyhedra. Our notion of jewel is more restrictive than the notion of basic
polyhedron since a jewel is a diagram with every Haseman circle trivial. For Conway (and
others) a basic polyhedron is “lune-free”, where a lune is a portion of a diagram with two
edges connecting the same two vertices. In other words, in a basic polyhedron every vertex is
connected to four different other vertices. Hence a basic polyhedron can be a tangle sum of sev-
eral jewels. Thus it may contain non-trivial Haseman circles. Typically, the basic polyhedron
10∗∗∗ is a tangle sum of two 6∗.
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8.3 Families of Haseman circles of a projection
Definition 8.7. A link projection Π (also called a projection for short) is a diagram in Σ = S2.
Fifth hypothesis. The projections we consider are connected and prime.
Definition 8.8. Let Π be a link projection. A family of Haseman circles for Π is a set of
Haseman circles satisfying the following conditions:
1. any two circles are disjoint.
2. no two circles are parallel.
Note that a family is always finite, since a projection has a finite number of crossings.
Let H = {γ1, ..., γn} be a family of Haseman circles for Π. Let R be the closure of a connected
component of S2 \⋃i=ni=1 γi. We call the pair (R,R ∩ Γ) a diagram of Π determined by the family
H.
Definition 8.9. A family C of Haseman circles is an admissible family if each diagram determined
by it is either a twisted band diagram or a jewel. An admissible family is minimal if the deletion
of any circle transforms it into a family which is not admissible.
The next theorem is the main structure theorem about link projections proved in [20]. It is essentially
due to Bonahon and Siebenmann.
Theorem 8.1. (Existence and uniqueness theorem of minimal admissible families) Let Π be a link
projection in S2. Then:
i) there exist minimal admissible families for Π.
ii) any two minimal admissible families are isotopic, by an isotopy which respects Π.
Definition 8.10. The minimal admissible family will be called the canonical Conway family for
Π and denoted by Ccan. The decomposition of Π into twisted band diagrams and jewels determined
by Ccan will be called the canonical decomposition of Π.
An element of the canonical Conway family is called a canonical Conway circle and it can be of
3 types:
(1) a circle which separates two jewels.
(2) a circle which separates two twisted band diagrams
(3) a circle which separates a jewel and a twisted band diagram.
Example 6. The circle C in Fig. 34 (in dotted lines) is not a canonical Conway circle.
It may happen that Ccan is empty. The next proposition tells us when this occurs.
Proposition 8.1. Let Π be a link projection. Then Ccan = ∅ if and only if Π is either a jewel with
empty boundary (i.e., v = 0) or the minimal projection of the torus knot/link of type (2,m).
43
Figure 34: C is not a canonical Conway circle
Comment. A jewel with empty boundary is nothing else than a basic polyhedron in John Conway’s
sense which is indecomposable with respect to tangle sum. The minimal projection of the torus
knot/link of type (2,m) can be considered as a twisted band diagram with v = 0.
Definition 8.11. The arborescent part of a graph Γ ⊂ S2 is the union of the twisted band
diagrams determined by the canonical Conway family.
The polyhedral part of Γ ⊂ S2 is the union of the jewels determined by the canonical Conway
family.
A knot is arborescent if it has a projection such that all diagrams determined by the canonical
Conway family are twisted band diagrams.
Remark 8.2. The adjective “arborescent” (or equivalently “algebraic”) has several meanings in the
literature. We have adopted the more restrictive one, based on 2-dimensional diagrams. As a con-
sequence of their 3-dimensional viewpoint, Bonahon-Siebenmann have a more permissive definition.
For example, Conway has shown that some diagrams based on his basic polyhedron (= jewel) 6∗,
which are polyhedral in our sense, can be transformed into algebraic diagrams in his sense by adding
some more crossings. Typically the knot 1099 in Rolfsen’s notations is such a knot. Note that this
knot is +achiral, and also −achiral. Both symmetries can easily be seen on a 6∗ projection.
8.4 Structure tree A(K)
Now we assume that knots and links are alternating.
Construction of A(K). Let K be an alternating link and let Π be a minimal projection of K.
Let Ccan be the canonical Conway family for Π. We construct the tree A(K) as follows. Its vertices
are in bijection with the diagrams determined by Ccan. Its edges are in bijection with the Haseman
circles of Ccan. The extremities of an edge (representing a Haseman circle γ) are the vertices which
represent the two diagrams containing the circle γ in their boundary. Since the diagrams are planar
surfaces of a decomposition of the 2-sphere S2 and since S2 has genus zero, the graph we have
constructed is a tree. This tree is “abstract”, i.e., it is not embedded in the plane.
We have two kinds of vertices: B − vertices and J − vertices of A(K); if the vertex represents a
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twisted band diagram, we label it with the letter B and by the weight a and if the vertex represents
a jewel, we it with the letter J .
Remark 8.3. 1. The tree A(K) is independent of the minimal projection chosen to represent K.
This is an immediate consequence of the Flyping Theorem. Indeed, as we have seen, the flypes
modify the decomposition of the weight a of a twisted band diagram as sum of intermediate
weights, but the sum remains constant. A flype also modifies the way in which diagrams are
embedded in S2. Since the tree is abstract, a flype has no effect on it, see [20] Section 6. This
is why we call it the structure tree of K (and not of Π).
2. A(K) contains some informations about the decomposition of S2 into diagrams determined by
Ccan but we cannot reconstruct the decomposition from it. However one can do better if no
jewels are present. In this case the link (and its minimal projections) are called arborescent by
Bonahon-Siebenmann. They produce a planar tree which actually encodes a given arborescent
projection. See [1] for details.
3. If K is oriented, we do not encode the orientation in A(K).
9 Summary
We summarize some of the main results proved in the paper which are related to the visibility of
the +achirality of alternating knots in function of the order of +achiraity which is equal to 2λ with
λ ≥ 1.
For any exponent λ ≥ 1, there exist +achiral knots (see §7.3).
Order of +achirality 2λ Minimal achiral projection Achiral projection
λ = 2 arborescent No in general Yes (Theorem 5.2)
λ = 2 non-arborescent The status in not known in the general case
λ 6= 2 Yes (Theorem 7.2)
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